
 

 

  

 Empirical evidence

Depth doesn’t help!
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Transformers via Markov chains

Main results Depth helps! Large Language Models (LLMs)

Transformers Generative 
pre-training

Sequential data

If  and the weights are tied, there exists an  

explicit  such that: 

(i)  is a bad local minima for  with , 

(ii)  , the marginal distribution, 

(iii) , i.e.  is a stationary point. 
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Under the same setting as above with the weights not 
tied,  becomes a saddle point. θπHow do transformers learn from sequential data?

• Data

• Transformer

  Bad local minima (weight tying)

  Saddle point (no weight tying)
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Entropy of stationary distribution

<latexit sha1_base64="bzhhWnMuuPjs64YKjUcq/p2G6Ug=">AAAB8HicbZA9TwJBEIbn8AvxC7W02UhMrMgdBVoSbbTDREADF7K3zMGG3bvL7p4JIfwKGwuNsfXn2PlvXI4rFHyTTZ68M5OdeYNEcG1c99sprK1vbG4Vt0s7u3v7B+XDo7aOU8WwxWIRq4eAahQ8wpbhRuBDopDKQGAnGF/P650nVJrH0b2ZJOhLOox4yBk11nq8Nagy6pcrbtXNRFbBy6ECuZr98ldvELNUYmSYoFp3PTcx/pQqw5nAWamXakwoG9Mhdi1GVKL2p9nCM3JmnQEJY2VfZEjm/p6YUqn1RAa2U1Iz0su1uflfrZua8NKf8ihJDUZs8VGYCmJiMr+eDLhCZsTEAmWK210JG1FFmc1Bl2wI3vLJq9CuVb16tX5XqzSu8jiKcAKncA4eXEADbqAJLWAg4Rle4c1Rzovz7nwsWgtOPnMMf+R8/gD+ZpCM</latexit>

Iteration

<latexit sha1_base64="+n+AmGuVHh+IzK6yZZuBANlIv7E=">AAAB9HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtCTaWFhgAkgCF7K37MGGvd1zd4+EXPgdNhYaY+uPsfPfuMAVCr5kkpf3ZjIzL4g508Z1v53cxubW9k5+t7C3f3B4VDw+aWuZKEJbRHKpOgHWlDNBW4YZTjuxojgKOH0Mxrdz/3FClWZSNM00pn6Eh4KFjGBjJb9JtUFcao3K9+V+seRW3AXQOvEyUoIMjX7xqzeQJImoMIRjrbueGxs/xcowwums0Es0jTEZ4yHtWipwRLWfLo6eoQurDFAolS1h0EL9PZHiSOtpFNjOCJuRXvXm4n9eNzHhtZ8yESeGCrJcFCYcGYnmCaABU5QYPrUEE8XsrYiMsMLE2JwKNgRv9eV10q5WvFql9lAt1W+yOPJwBudwCR5cQR3uoAEtIPAEz/AKb87EeXHenY9la87JZk7hD5zPH2uxkTo=</latexit> T
es
t
lo
ss

L

• Second-order Markov Chain <latexit sha1_base64="PDxY08v55T2SM7Mi8gGqA7kFku0=">AAAB8HicbVBNSwMxEJ31s9avqkcvwVYQhLLbQ/UkRS8eK9gPaZeSTbNtaJJdk6xQlv4KLx4U8erP8ea/MW33oK0PBh7vzTAzL4g508Z1v52V1bX1jc3cVn57Z3dvv3Bw2NRRoghtkIhHqh1gTTmTtGGY4bQdK4pFwGkrGN1M/dYTVZpF8t6MY+oLPJAsZAQbKz2U4vNHdIW8Uq9QdMvuDGiZeBkpQoZ6r/DV7UckEVQawrHWHc+NjZ9iZRjhdJLvJprGmIzwgHYslVhQ7aezgyfo1Cp9FEbKljRopv6eSLHQeiwC2ymwGepFbyr+53USE176KZNxYqgk80VhwpGJ0PR71GeKEsPHlmCimL0VkSFWmBibUd6G4C2+vEyalbJXLVfvKsXadRZHDo7hBM7AgwuowS3UoQEEBDzDK7w5ynlx3p2PeeuKk80cwR84nz9wfY7g</latexit>

p+ q > 1
<latexit sha1_base64="5oS7t37iNFDsKOSv+Zll+hF7Gpc=">AAAB8HicbVA9SwNBEJ3zM8avqKXNYiIIQrhLES0sgjaWEcyHJEfY2+wlS3b3zt09IRz5FTYWitj6c+z8N26SKzTxwcDjvRlm5gUxZ9q47rezsrq2vrGZ28pv7+zu7RcODps6ShShDRLxSLUDrClnkjYMM5y2Y0WxCDhtBaObqd96okqzSN6bcUx9gQeShYxgY6WHUnz+iK6QV+oVim7ZnQEtEy8jRchQ7xW+uv2IJIJKQzjWuuO5sfFTrAwjnE7y3UTTGJMRHtCOpRILqv10dvAEnVqlj8JI2ZIGzdTfEykWWo9FYDsFNkO96E3F/7xOYsJLP2UyTgyVZL4oTDgyEZp+j/pMUWL42BJMFLO3IjLEChNjM8rbELzFl5dJs1L2quXqXaVYu87iyMExnMAZeHABNbiFOjSAgIBneIU3RzkvzrvzMW9dcbKZI/gD5/MHbW+O3g==</latexit>

p+ q < 1

Weight-tying

• First-order Markov Chain

Local minimum

Global minimum

<latexit sha1_base64="+n+AmGuVHh+IzK6yZZuBANlIv7E=">AAAB9HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtCTaWFhgAkgCF7K37MGGvd1zd4+EXPgdNhYaY+uPsfPfuMAVCr5kkpf3ZjIzL4g508Z1v53cxubW9k5+t7C3f3B4VDw+aWuZKEJbRHKpOgHWlDNBW4YZTjuxojgKOH0Mxrdz/3FClWZSNM00pn6Eh4KFjGBjJb9JtUFcao3K9+V+seRW3AXQOvEyUoIMjX7xqzeQJImoMIRjrbueGxs/xcowwums0Es0jTEZ4yHtWipwRLWfLo6eoQurDFAolS1h0EL9PZHiSOtpFNjOCJuRXvXm4n9eNzHhtZ8yESeGCrJcFCYcGYnmCaABU5QYPrUEE8XsrYiMsMLE2JwKNgRv9eV10q5WvFql9lAt1W+yOPJwBudwCR5cQR3uoAEtIPAEz/AKb87EeXHenY9la87JZk7hD5zPH2uxkTo=</latexit> T
es
t
lo
ss

L

<latexit sha1_base64="bzhhWnMuuPjs64YKjUcq/p2G6Ug=">AAAB8HicbZA9TwJBEIbn8AvxC7W02UhMrMgdBVoSbbTDREADF7K3zMGG3bvL7p4JIfwKGwuNsfXn2PlvXI4rFHyTTZ68M5OdeYNEcG1c99sprK1vbG4Vt0s7u3v7B+XDo7aOU8WwxWIRq4eAahQ8wpbhRuBDopDKQGAnGF/P650nVJrH0b2ZJOhLOox4yBk11nq8Nagy6pcrbtXNRFbBy6ECuZr98ldvELNUYmSYoFp3PTcx/pQqw5nAWamXakwoG9Mhdi1GVKL2p9nCM3JmnQEJY2VfZEjm/p6YUqn1RAa2U1Iz0su1uflfrZua8NKf8ihJDUZs8VGYCmJiMr+eDLhCZsTEAmWK210JG1FFmc1Bl2wI3vLJq9CuVb16tX5XqzSu8jiKcAKncA4eXEADbqAJLWAg4Rle4c1Rzovz7nwsWgtOPnMMf+R8/gD+ZpCM</latexit>

Iteration

<latexit sha1_base64="Yl6u2St40uuW6U7/CWu7lz06BxM=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtDEh2lhi4gEJXMjesgcbdvcuu3sm5MJvsLHQGFt/kJ3/xgWuUPAlk7y8N5OZeWHCmTau++0UNja3tneKu6W9/YPDo/LxSVvHqSLUJzGPVTfEmnImqW+Y4bSbKIpFyGknnNzN/c4TVZrF8tFMExoIPJIsYgQbK/nVzk29OihX3Jq7AFonXk4qkKM1KH/1hzFJBZWGcKx1z3MTE2RYGUY4nZX6qaYJJhM8oj1LJRZUB9ni2Bm6sMoQRbGyJQ1aqL8nMiy0norQdgpsxnrVm4v/eb3URNdBxmSSGirJclGUcmRiNP8cDZmixPCpJZgoZm9FZIwVJsbmU7IheKsvr5N2veY1ao2HeqV5m8dRhDM4h0vw4AqacA8t8IEAg2d4hTdHOi/Ou/OxbC04+cwp/IHz+QNifo3D</latexit>

W = 2
<latexit sha1_base64="38i6gFlVAbS0Kk6ExFn6Nzt5Ycw=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CbaCp7JbpHoRil48VrAf0C4lm2bb2GyyJFmhLP0PXjwo4tX/481/Y9ruQVsfDDzem2FmXhBzpo3rfju5tfWNza38dmFnd2//oHh41NIyUYQ2ieRSdQKsKWeCNg0znHZiRXEUcNoOxrczv/1ElWZSPJhJTP0IDwULGcHGSq1y+/rCLfeLJbfizoFWiZeREmRo9ItfvYEkSUSFIRxr3fXc2PgpVoYRTqeFXqJpjMkYD2nXUoEjqv10fu0UnVllgEKpbAmD5urviRRHWk+iwHZG2Iz0sjcT//O6iQmv/JSJODFUkMWiMOHISDR7HQ2YosTwiSWYKGZvRWSEFSbGBlSwIXjLL6+SVrXi1Sq1+2qpfpPFkYcTOIVz8OAS6nAHDWgCgUd4hld4c6Tz4rw7H4vWnJPNHMMfOJ8/1FCN/w==</latexit>

W = 40
<latexit sha1_base64="UrXrp/89zYSmQC4M/rblGMoMRNQ=">AAAB7XicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKpDEh2lhiIh8JXMjesgcre7uX3T0TcuE/2FhojK3/x85/4wJXKPiSSV7em8nMvCDmTBvX/XZyG5tb2zv53cLe/sHhUfH4pK1loghtEcml6gZYU84EbRlmOO3GiuIo4LQTTG7nfueJKs2keDDTmPoRHgkWMoKNldrlznXdLQ+KJbfiLoDWiZeREmRoDopf/aEkSUSFIRxr3fPc2PgpVoYRTmeFfqJpjMkEj2jPUoEjqv10ce0MXVhliEKpbAmDFurviRRHWk+jwHZG2Iz1qjcX//N6iQnrfspEnBgqyHJRmHBkJJq/joZMUWL41BJMFLO3IjLGChNjAyrYELzVl9dJu1rxapXafbXUuMniyMMZnMMleHAFDbiDJrSAwCM8wyu8OdJ5cd6dj2VrzslmTuEPnM8f2miOAw==</latexit>

W = 80
<latexit sha1_base64="KfYX8GgizYEUtvpCyV1PWoGRsag=">AAAB7nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtDEh2lhiIhwJXMjesgcb9vY2u3sm5MKPsLHQGFt/j53/xgWuUPAlk7y8N5OZeaHkTBvX/XYKG5tb2zvF3dLe/sHhUfn4pKOTVBHaJglPVDfEmnImaNsww2lXKorjkFM/nNzNff+JKs0S8WimkgYxHgkWMYKNlfyqf+O5bnVQrrg1dwG0TrycVCBHa1D+6g8TksZUGMKx1j3PlSbIsDKMcDor9VNNJSYTPKI9SwWOqQ6yxbkzdGGVIYoSZUsYtFB/T2Q41noah7YzxmasV725+J/XS010HWRMyNRQQZaLopQjk6D572jIFCWGTy3BRDF7KyJjrDAxNqGSDcFbfXmddOo1r1FrPNQrzds8jiKcwTlcggdX0IR7aEEbCEzgGV7hzZHOi/PufCxbC04+cwp/4Hz+AD7EjjY=</latexit>

W = 100
<latexit sha1_base64="FbPlo7GHDNRgdRjczi9LYp2ZHLY=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgqez2UD0WRfBYwX5Au5Rsmm1Ds0lIZoWy9G948aCIV/+MN/+NabsHbX0w8Hhvhpl5kRbcgu9/e4WNza3tneJuaW//4PCofHzStio1lLWoEsp0I2KZ4JK1gINgXW0YSSLBOtHkdu53npixXMlHmGoWJmQkecwpASf17yQYpafYEGCDcsWv+gvgdRLkpIJyNAflr/5Q0TRhEqgg1vYCX0OYEQOcCjYr9VPLNKETMmI9RyVJmA2zxc0zfOGUIY6VcSUBL9TfExlJrJ0mketMCIztqjcX//N6KcTXYcalToFJulwUpwKDwvMA8JAbRkFMHSHUcHcrpmNiCAUXU8mFEKy+vE7atWpQr9YfapXGTR5HEZ2hc3SJAnSFGugeNVELUaTRM3pFb17qvXjv3seyteDlM6foD7zPHxJ5kbg=</latexit>

Entropy rate
<latexit sha1_base64="3TCthuVJ1JxoqU4bCaiQJF27MA8=">AAAB/nicbVBLSwMxGMzWV62vVfHkJdgK9VJ2e6gei156rGAf0F1KNpu2odlkSbJCWQr+FS8eFPHq7/DmvzHb7kFbB0KGme8jkwliRpV2nG+rsLG5tb1T3C3t7R8cHtnHJ10lEolJBwsmZD9AijDKSUdTzUg/lgRFASO9YHqX+b1HIhUV/EHPYuJHaMzpiGKkjTS0zyqtqhcIFqpZZK7Ui+n8qjK0y07NWQCuEzcnZZCjPbS/vFDgJCJcY4aUGrhOrP0USU0xI/OSlygSIzxFYzIwlKOIKD9dxJ/DS6OEcCSkOVzDhfp7I0WRyuKZyQjpiVr1MvE/b5Do0Y2fUh4nmnC8fGiUMKgFzLqAIZUEazYzBGFJTVaIJ0girE1jJVOCu/rlddKt19xGrXFfLzdv8zqK4BxcgCpwwTVoghZogw7AIAXP4BW8WU/Wi/VufSxHC1a+cwr+wPr8AWoflSc=</latexit>

H(⇡)

Masking helps

How?

Why?

How does masking 
help?

Local minimum

Global minimumbad local minimum

global minimum

Marginal distribution

Markov kernel

Depth       Memory<latexit sha1_base64="jxC9BKzimqikpnbSmm9mv420pu8=">AAAB+HicbZBLSwMxFIUz9VXro6Mu3QSL4KrMSFGXBTcuK9gHtKVk0jttaCYzJHeUOhT8H25cKOLWn+LOf2P6WGjrgcDHOTfk5gSJFAY979vJra1vbG7ltws7u3v7RffgsGHiVHOo81jGuhUwA1IoqKNACa1EA4sCCc1gdD3Nm/egjYjVHY4T6EZsoEQoOENr9dxiR0KIWgyGyLSOH3puySt7M9FV8BdQIgvVeu5Xpx/zNAKFXDJj2r6XYDdjGgWXMCl0UgMJ4yM2gLZFxSIw3Wy2+ISeWqdPw1jbo5DO3N83MhYZM44COxkxHJrlbGr+l7VTDK+6mVBJiqD4/KEwlRRjOm2B9oUGjnJsgXEt7K6UD5lmHG1XBVuCv/zlVWicl/2LcuW2UqpWn+Z15MkxOSFnxCeXpEpuSI3UCScpeSav5M15dF6cd+djPppzFhUekT9yPn8AkqqUGA==</latexit>$

<latexit sha1_base64="+n+AmGuVHh+IzK6yZZuBANlIv7E=">AAAB9HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtCTaWFhgAkgCF7K37MGGvd1zd4+EXPgdNhYaY+uPsfPfuMAVCr5kkpf3ZjIzL4g508Z1v53cxubW9k5+t7C3f3B4VDw+aWuZKEJbRHKpOgHWlDNBW4YZTjuxojgKOH0Mxrdz/3FClWZSNM00pn6Eh4KFjGBjJb9JtUFcao3K9+V+seRW3AXQOvEyUoIMjX7xqzeQJImoMIRjrbueGxs/xcowwums0Es0jTEZ4yHtWipwRLWfLo6eoQurDFAolS1h0EL9PZHiSOtpFNjOCJuRXvXm4n9eNzHhtZ8yESeGCrJcFCYcGYnmCaABU5QYPrUEE8XsrYiMsMLE2JwKNgRv9eV10q5WvFql9lAt1W+yOPJwBudwCR5cQR3uoAEtIPAEz/AKb87EeXHenY9la87JZk7hD5zPH2uxkTo=</latexit> T
es
t
lo
ss

L

<latexit sha1_base64="bzhhWnMuuPjs64YKjUcq/p2G6Ug=">AAAB8HicbZA9TwJBEIbn8AvxC7W02UhMrMgdBVoSbbTDREADF7K3zMGG3bvL7p4JIfwKGwuNsfXn2PlvXI4rFHyTTZ68M5OdeYNEcG1c99sprK1vbG4Vt0s7u3v7B+XDo7aOU8WwxWIRq4eAahQ8wpbhRuBDopDKQGAnGF/P650nVJrH0b2ZJOhLOox4yBk11nq8Nagy6pcrbtXNRFbBy6ECuZr98ldvELNUYmSYoFp3PTcx/pQqw5nAWamXakwoG9Mhdi1GVKL2p9nCM3JmnQEJY2VfZEjm/p6YUqn1RAa2U1Iz0su1uflfrZua8NKf8ihJDUZs8VGYCmJiMr+eDLhCZsTEAmWK210JG1FFmc1Bl2wI3vLJq9CuVb16tX5XqzSu8jiKcAKncA4eXEADbqAJLWAg4Rle4c1Rzovz7nwsWgtOPnMMf+R8/gD+ZpCM</latexit>

Iteration

<latexit sha1_base64="77leIZoJfu6UNjp1uskKZgDYFjk=">AAAB+nicbVBNT8JAEN3iF+IX6NHLRmLiRdJyQI9ELx4xkY8EGrJdtu2G7bbZnUpI5ad48aAxXv0l3vw3LtCDgi+Z5OW9mczM8xLBNdj2t1XY2Nza3inulvb2Dw6PypXjjo5TRVmbxiJWPY9oJrhkbeAgWC9RjESeYF1vfDv3u49MaR7LB5gmzI1IILnPKQEjDcuVLocQTxgPQriEKZfBsFy1a/YCeJ04OamiHK1h+WswimkaMQlUEK37jp2AmxEFnAo2Kw1SzRJCxyRgfUMliZh2s8XpM3xulBH2Y2VKAl6ovycyEmk9jTzTGREI9ao3F//z+in4127GZZICk3S5yE8FhhjPc8AjrhgFMTWEUMXNrZiGRBEKJq2SCcFZfXmddOo1p1Fr3NerzZs8jiI6RWfoAjnoCjXRHWqhNqJogp7RK3qznqwX6936WLYWrHzmBP2B9fkDMzyT+g==</latexit>

With weight-tying
<latexit sha1_base64="FbPlo7GHDNRgdRjczi9LYp2ZHLY=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgqez2UD0WRfBYwX5Au5Rsmm1Ds0lIZoWy9G948aCIV/+MN/+NabsHbX0w8Hhvhpl5kRbcgu9/e4WNza3tneJuaW//4PCofHzStio1lLWoEsp0I2KZ4JK1gINgXW0YSSLBOtHkdu53npixXMlHmGoWJmQkecwpASf17yQYpafYEGCDcsWv+gvgdRLkpIJyNAflr/5Q0TRhEqgg1vYCX0OYEQOcCjYr9VPLNKETMmI9RyVJmA2zxc0zfOGUIY6VcSUBL9TfExlJrJ0mketMCIztqjcX//N6KcTXYcalToFJulwUpwKDwvMA8JAbRkFMHSHUcHcrpmNiCAUXU8mFEKy+vE7atWpQr9YfapXGTR5HEZ2hc3SJAnSFGugeNVELUaTRM3pFb17qvXjv3seyteDlM6foD7zPHxJ5kbg=</latexit>

Entropy rate
<latexit sha1_base64="xasKT4Y75t4ySSLIzVze3ntUQD4=">AAACC3icbVDLSgMxFM34rPVVdekmtAiuykwX1WVRBJcV7APaoWTSTBuaSYbkjlCG7t34K25cKOLWH3Dn35iZdqGtBwKHc+7l5pwgFtyA6347a+sbm1vbhZ3i7t7+wWHp6LhtVKIpa1EllO4GxDDBJWsBB8G6sWYkCgTrBJPrzO88MG24kvcwjZkfkZHkIacErDQolW8kaBVPsQqxgVwkeoqH9rLmQTIfqrhVNwdeJd6CVNACzUHpqz9UNImYBCqIMT3PjcFPiQZOBZsV+4lhMaETMmI9SyWJmPHTPMsMn1lliEOl7ZOAc/X3RkoiY6ZRYCcjAmOz7GXif14vgfDST7mME2CSzg+FicCgcFaMjawZBZFlJ1Rz+1dMx0QTCra+oi3BW468Stq1qlev1u9qlcbVoo4COkVldI48dIEa6BY1UQtR9Iie0St6c56cF+fd+ZiPrjmLnRP0B87nD+OYm5w=</latexit>

Entropy of stationary distribution

<latexit sha1_base64="ErNoUHj5uAEcnN0zZqrcTbLA6aw=">AAAB/XicbVDLSsNAFJ3UV62v+ti5GSyCG0vSRXVZdOOygn1AG8pkOkmGTiZh5kaJofgrblwo4tb/cOffOH0stPXAhcM593LvPV4iuAbb/rYKK6tr6xvFzdLW9s7uXnn/oK3jVFHWorGIVdcjmgkuWQs4CNZNFCORJ1jHG11P/M49U5rH8g6yhLkRCST3OSVgpEH5qMMhjFPAD4wHIZxDxmUwKFfsqj0FXibOnFTQHM1B+as/jGkaMQlUEK17jp2AmxMFnAo2LvVTzRJCRyRgPUMliZh28+n1Y3xqlCH2Y2VKAp6qvydyEmmdRZ7pjAiEetGbiP95vRT8SzfnMkmBSTpb5KcCQ4wnUeAhV4yCyAwhVHFzK6YhUYSCCaxkQnAWX14m7VrVqVfrt7VK42oeRxEdoxN0hhx0gRroBjVRC1H0iJ7RK3qznqwX6936mLUWrPnMIfoD6/MHw8iVcA==</latexit>

Without weight-tying


