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Goal: Finding a good tree representation of the given data (— similarities) so that tree Most Informative Valid Hierarchy T
represents which object is close to which (H(X,s), Q) is a partially ordered set and it has a greatest element Ts.
A o |T|: # of vertices of a tree T
10 8 8 j4nana T = argmax [T] — .
> ERLEL . / \ TEH(X,s) e H(X,s): the set of valid hierarchies
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P4 44 8 10 6 — T1| T3] (T3] 8 [Tq] [T7 1.7 C Iy forany I € H(X,s) and T« is uniquely defined for a given (X, s)
? j jj g g 60 /\ 2. Flat communities = T4 being a star graph tree
1234567 L4[L5 3. It coincides with the ultrametric tree when s is ultrametric
Similarities s Tree 4. T« C Tiipkage & T« can be reconstructed by:
Current Methods and Limitations (@) Apply linkage to get 7jipkage

Ultrametric Tree & Additive Tree (b) trimming unqualified verticies of Tlinkage = [4

( Dis-similarities \
e Ultrametric Distance:

O ‘ d(x1, x3) < max{d(x1, %), d(x, x3)}
T R e e Additive Distance:
T U d(x1,x2) + d(x3, x4)
E P : < max{c/()q ’ X3) + Cl(Xz, X4), C/(X2, X3) + C/(X1 ) X4)} Te c H(X, s, 6) satisfies for any t € Te3 c
e [riangular Inequality: min s(x1,x2) > s(xq,x3) > 0.
\ ...... J d(x1,x3) < d(xq, x) + d(x2, x3) X1 0EEX3EXT

Popular methods
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e Linkage [1] /3221\ 55 3 109 09
2321 ' o X4 X4
e Dasqguptuta Cost 2] 55 1 1819 3 1 y
3
e Top-Down [3] \1 11 4/ \1.1 0.9 1.05 4/ X1 X2 X3 %
| Limitations Similarit Similarity 5. Noises T«(X, s).
G@bnkege- o Overfit to Binary tree ittty > [—0.2,0.2] are added. 0.4<e<0.7 € <04

the closest pair

- A lot of hallucinated levels

(1) Find bottom communities by flat community detection methods

- Cannot Distinguish with/without hierarchy

Linkage . _ . o .
e Not well-defined outside ultrametric/additive dis-
tance
Based on [3], propose the following algorithm:
1. Detect bottom communities X by Bethe-Hessian [4]
2.Define 5: X x ¥ > R as edge densities between X
3. Apply average linkage to obtain ?—linkage
Definition: Valid Hierarchies: H(X, s) 4. Trim t € ?_l'mkage that violates e-strong condition and get T
I € H(X,s) is a tree s.t, from Vx; € X Notation
- - * e H(X,s): set of valid hierarchies for X
o if xo is closer™ than x3 on T w.rt. s, ) Table 1: Performance of HCD algorithms on 20 ABCD [5] graphs (communities without hierarchies).
— x5 is closer than x5 also w.r.t. s(-, ) ~ ~ . .
_ § e X: set of base objects k k=k  p(z¥, 2) p(T*,T) T=TF7
o if xo and x5 are equally close™ on T o
s 1o info on which one is closer wirt. s(-, ) ®s(+,-): similarity measurement for &' x & Our Algorithm ~ 104+0 20/20 0.97 & 0.0038 0.97 +0.0038 20/20
But NOT L ol " o Nested sEEP [6] 10+0 20/20 0.97 +£0.0038 0.95+0.051 16/20
7> But NOT: equally close wrt. s(-,-) Nested DCBM [7] 10 + 0.77 18/20 0.99 + 0.0047 0.97 +0.077 18/20
- {71, 22, 23, 24, 5, T6, 77} W10 8 8 M4 4
~ pll 8 10 8 |44 4 Table 2: Performance of HCD algorithms on HDCBMSs with all possible shapes of hierarchies with 9 leaves.
o {1, 22, 23} {24, 25,76, x7} Sl 8 8 10p4dad A A A A
< — — YNANANN 10 8 6 k k=k p(z¥, 2) p(T*, Ty T ~T*
o J4 4 418 10 6
’ ] {zad] [{2s) {957’<5} o] {7 R . - Our Algorithm 8.4 +0.84 62% 0.93+0.10 0.98+0.044 61.6%
~ e @4 44666 Nested sEEP [6] 8.4+0.84 62% 0.93+0.10 0.94+0.0812 36.8 %
12340567 Nested DCBM [7] 20 +£10.3 0.01% 0.81 £0.098 0.64 +0.154 0.0 %
Formally, T € H(X, s) satisfies for any t € T:
min s(x1,x2) > s(xq1,x3) > 0.
X1 ,X2€t,X3EX\t
fhere e fen mulle ees i P T T T
True hierarchy Our Algorithm Nested sEEP [6] Nested DCBM [7]
{331,372,333,5134,335} {331,332,333,554,5135} {5131,5132,333,334,335}
{1, 70, 23} {zs}  Has} Hxp, 22, 23} {24, 25} {21, 72} (23,24, 25) 1. Choosing a good €
/ / \ / \ 2. Robust-to-outliers practical extension
121} [{z2}] [123} 121} (172} s d| aay| {2s )] [{21y] [{z}] {23} [17a}| 125} 3. Apply to general clustering context
(a) 13 (b) 1> (c) 13 arti - - e i -0AT
e X = {x1, %0, x5} 4. Starting from node of the graph (work in progress)
o Iy = {{x1}, {x2}. {x3} {xa}. {xs}, {x1, %2, x3}, {x1, X2, X3, x4, x5} }
o I ={{x1} {xab {x3} {xa}. {xs} {x1. x2, x3}, {xa, x5}, {x1, X2, X3, x4, x5} } References
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