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State Space Models (SSMs) In-context learning with Markov chains
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In-context learning (ICL) drives transformers’ success a N
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Mamba learns Laplacian smoothing
| | _ _ » Cross-entropy loss:
* Optimal predictor: Laplacian smoothing
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It counts past transitions xl.i__lcl — X; and Convolution is the key
computes smoothed frequencies 0.40 .
0.35 —— Simplified with convolution
% 0.9 1-layer Mamba 0.30 —— Full without convolution
- —— 1-layer Transformer Mamba |earns the Mamba needs

o
oo

—— 2-layer Transformer 0.25

convolution to

optimal predictor .
learn the optimal

with just one layer!

----- Optimal estimator

0.20

o
N

Test loss

0.15

Z 0 predictor
2 0.10
© 0.5
3 Can we 0.05
g 04 mathematically -
g o 0 ) 10 15 20 25 30 35
= 03 explain how? Iteration (x200)
0 10 20 30 40 50 60 70
t:xy =0 0.35
B Order 1
0.30 T Order 2
Main theorems 025 — Convolution
;o window must be
Theorem 1 (Representation power of Mamba) = larger than the
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_ _ = Markov order:
One-layer Mamba can learn the optimal Laplacian 010
smoothing predictor for first-order Markov chains, L w>k+1
provided that: w00 I i
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o State and hidden dimensions are atleast2: N,d > 2 2 3 45 6
Convolution window
 Convolution window is at least 2: w > 2
Beyond Markov
Key insights: . Natural language: WikiText-103
- Selectivity retains all the past: a, ~ 1
_ . = Model Params. (M Perplexit
- Convolution encodes transitions x.’_kl — X; i ) blextty ()
! Mamba-2 (w/o conv) 14.53 30.68
- Hidden state H, stores counts of past transitions Mamba-2 (w/conv) 14.54 27.55
Transformer (w/o conv) 14.46 29.28
Transformer (w/ conv)  14.46 28.67

Theorem 2 (Lower bound on the state dimension)

One-layer Mamba cannot learn the optimal Laplacian
smoothing predictor for any k-th order Markov chains,
unless the state dimension is larger than 2%

N>C-2* Find the full paper on arXiv:

Benefit of convolution goes beyond Markov data!
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