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State Space Models (SSMs)

In-context learning (ICL) drives transformers’ success

In-context learning with Markov chains

• Data:

• Mamba-based LLM:

Can we 
mathematically 

explain how?

Mamba learns Laplacian smoothing

Convolution is the key

Beyond Markov

Transformers Mamba

• Training:

• Inference:

Quadratic in T Linear in T

Linear in T Constant in T

How can we study Mamba’s ICL capabilities?
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• Cross-entropy loss:
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• Optimal predictor: Laplacian smoothing
<latexit sha1_base64="Y1OKScS1MbaBg0M5i0t9Odi7u9w="></latexit>
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Optimal estimator
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1-layer Mamba
<latexit sha1_base64="qElm6W+xyScEIqYh8v5U63KLgMQ=">AAAB/HicbVBNSwMxEM36WevXao9egkXwYtktUj0WvHis0C9ol5JNp21okl2SrLAs9a948aCIV3+IN/+NabsHbX0w8Hhvhpl5YcyZNp737Wxsbm3v7Bb2ivsHh0fH7slpW0eJotCiEY9UNyQaOJPQMsxw6MYKiAg5dMLp3dzvPILSLJJNk8YQCDKWbMQoMVYauCX/ipMUFG4qIvUoUgLUwC17FW8BvE78nJRRjsbA/eoPI5oIkIZyonXP92ITZEQZRjnMiv1EQ0zolIyhZ6kkAnSQLY6f4QurDLHdbEsavFB/T2REaJ2K0HYKYiZ61ZuL/3m9xIxug4zJODEg6XLRKOHYRHieBB4yBdTw1BJCFbO3YjohilBj8yraEPzVl9dJu1rxa5XaQ7Vcv87jKKAzdI4ukY9uUB3dowZqIYpS9Ixe0Zvz5Lw4787HsnXDyWdK6A+czx9etJSS</latexit>

1-layer Transformer
<latexit sha1_base64="v4xs/cQkPSyUqDiZKx4InBjVRe8=">AAAB/HicbVBNSwMxEM36WevXao9egkXwYtktUj0WvHis0C9ol5JNp21okl2SrLAs9a948aCIV3+IN/+NabsHbX0w8Hhvhpl5YcyZNp737Wxsbm3v7Bb2ivsHh0fH7slpW0eJotCiEY9UNyQaOJPQMsxw6MYKiAg5dMLp3dzvPILSLJJNk8YQCDKWbMQoMVYauKXqFScpKNxUROpRpASogVv2Kt4CeJ34OSmjHI2B+9UfRjQRIA3lROue78UmyIgyjHKYFfuJhpjQKRlDz1JJBOggWxw/wxdWGWK72ZY0eKH+nsiI0DoVoe0UxEz0qjcX//N6iRndBhmTcWJA0uWiUcKxifA8CTxkCqjhqSWEKmZvxXRCFKHG5lW0IfirL6+TdrXi1yq1h2q5fp3HUUBn6BxdIh/doDq6Rw3UQhSl6Bm9ojfnyXlx3p2PZeuGk8+U0B84nz9gSpST</latexit>

2-layer Transformer
Mamba learns the 
optimal predictor 
with just one layer!
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Full model
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Simplified with convolution
<latexit sha1_base64="1bXW0shGPtvcQTciJNXz96SoYsM=">AAACAXicbVDLSgMxFM3UV62vqhvBTbAIrspMkeqyIIjLCvYBdSiZNG1DM8mQ3FTKUDf+ihsXirj1L9z5N6aPhbYeuHA4517uvSdKBDfg+99eZmV1bX0ju5nb2t7Z3cvvH9SNspqyGlVC6WZEDBNcshpwEKyZaEbiSLBGNLia+I0h04YreQejhIUx6Une5ZSAk9r5o2srBH7g0FcWMFVyqISdWQW/6E+Bl0kwJwU0R7Wd/7rvKGpjJoEKYkwr8BMIU6KBU8HGuXtrWELogPRYy1FJYmbCdPrBGJ86pYO7SruSkzuc+nsiJbExozhynTGBvln0JuJ/XstC9zJMuUwsMElni7pWYFB4EgfucM0oiJEjhGrubsW0TzSh4ELLuRCCxZeXSb1UDMrF8m2pUDmfx5FFx+gEnaEAXaAKukFVVEMUPaJn9IrevCfvxXv3PmatGW8+c4j+wPv8AQeslz0=</latexit>

Full without convolution
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<latexit sha1_base64="x9bAkzQnF5vTFNz1wcd/IVxLHg0=">AAACAXicbZDLSsNAFIYnXmu9Rd0IbgZboW5KUqS6LLjRXQV7gTaUyfSkHTqZhJmJUErd+CpuXCji1rdw59s4TbPQ1h8GPv5zDmfO78ecKe0439bK6tr6xmZuK7+9s7u3bx8cNlWUSAoNGvFItn2igDMBDc00h3YsgYQ+h5Y/up7VWw8gFYvEvR7H4IVkIFjAKNHG6tnHtxpkyrhU7GoWgsIVxyme9+yCU3ZS4WVwMyigTPWe/dXtRzQJQWjKiVId14m1NyFSM8phmu8mCmJCR2QAHYOCmFXeJL1gis+M08dBJM0TGqfu74kJCZUah77pDIkeqsXazPyv1kl0cOVNmIgTDYLOFwUJxzrCszhwn0mgmo8NECqZ+SumQyIJNbGovAnBXTx5GZqVslstV+8qhdpFFkcOnaBTVEIuukQ1dIPqqIEoekTP6BW9WU/Wi/VufcxbV6xs5gj9kfX5A+AElS4=</latexit>

Iteration (⇥200)

<latexit sha1_base64="IR2x9XvSfh+Q3AlwVSzhuoHf8f4=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPAi8cIeUmyhNnJbDJkHsvMrBCWfIUXD4p49XO8+TdOkj1oYkFDUdVNd1eUcGas7397G5tb2zu7hb3i/sHh0XHp5LRtVKoJbRHFle5G2FDOJG1ZZjntJppiEXHaiSZ3c7/zRLVhSjbtNKGhwCPJYkawddJjkxqLuDJmUCr7FX8BtE6CnJQhR2NQ+uoPFUkFlZZwbEwv8BMbZlhbRjidFfupoQkmEzyiPUclFtSE2eLgGbp0yhDFSruSFi3U3xMZFsZMReQ6BbZjs+rNxf+8Xmrj2zBjMkktlWS5KE45sgrNv0dDpimxfOoIJpq5WxEZY42JdRkVXQjB6svrpF2tBLVK7aFarl/ncRTgHC7gCgK4gTrcQwNaQEDAM7zCm6e9F+/d+1i2bnj5zBn8gff5A7O5kFA=</latexit> T
es
t
lo
ss
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Convolution window

<latexit sha1_base64="sXQfK3iq+amhKhXAzfZNvvSDrZs=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKVI8FL96sYD+gDWWzmbZLN5uwuxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmt3O/84RK81g+mmmCfkRHkg85o8ZKnXsVoiLeoFxxq+4CZJ14OalAjuag/NUPY5ZGKA0TVOue5ybGz6gynAmclfqpxoSyCR1hz1JJI9R+tjh3Ri6sEpJhrGxJQxbq74mMRlpPo8B2RtSM9ao3F//zeqkZ3vgZl0lqULLlomEqiInJ/HcScoXMiKkllClubyVsTBVlxiZUsiF4qy+vk3at6tWr9YdapXGVx1GEMziHS/DgGhpwB01oAYMJPMMrvDmJ8+K8Ox/L1oKTz5zCHzifP5FSjwg=</latexit>

Order 1
<latexit sha1_base64="qDGzKM1sV4x0OkkWS2crA9lYPz4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKVI8FL96sYD+gDWWzmbZLN5uwuxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmt3O/84RK81g+mmmCfkRHkg85o8ZKnXsVoiK1QbniVt0FyDrxclKBHM1B+asfxiyNUBomqNY9z02Mn1FlOBM4K/VTjQllEzrCnqWSRqj9bHHujFxYJSTDWNmShizU3xMZjbSeRoHtjKgZ61VvLv7n9VIzvPEzLpPUoGTLRcNUEBOT+e8k5AqZEVNLKFPc3krYmCrKjE2oZEPwVl9eJ+1a1atX6w+1SuMqj6MIZ3AOl+DBNTTgDprQAgYTeIZXeHMS58V5dz6WrQUnnzmFP3A+fwCS1o8J</latexit>

Order 2
<latexit sha1_base64="n6v6pxxFNVtEF9+95lmwpm/gm/U=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkmV6rHgxZsV7Ae0oWw2k3bpZhN2N0Ip/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAqujet+O2vrG5tb24Wd4u7e/sFh6ei4pZNMMWyyRCSqE1CNgktsGm4EdlKFNA4EtoPR7cxvP6HSPJGPZpyiH9OB5BFn1Fipfa9CVOSyXyq7FXcOskq8nJQhR6Nf+uqFCctilIYJqnXXc1PjT6gynAmcFnuZxpSyER1g11JJY9T+ZH7ulJxbJSRRomxJQ+bq74kJjbUex4HtjKkZ6mVvJv7ndTMT3fgTLtPMoGSLRVEmiEnI7HcScoXMiLEllClubyVsSBVlxiZUtCF4yy+vkla14tUqtYdquX6Vx1GAUziDC/DgGupwBw1oAoMRPMMrvDmp8+K8Ox+L1jUnnzmBP3A+fwCUWo8K</latexit>

Order 3
<latexit sha1_base64="BJjUGZmRYS8R1aq/1y/Jbi7zcak=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4Kkkp1WPBizcr2A9oQ9lspu3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9djY2t7Z3dgt7xf2Dw6Pj0slpW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7AST27nfeUKleSwfzTRBP6IjyYecUWOlzr0KUZHaoFR2K+4CZJ14OSlDjuag9NUPY5ZGKA0TVOue5ybGz6gynAmcFfupxoSyCR1hz1JJI9R+tjh3Ri6tEpJhrGxJQxbq74mMRlpPo8B2RtSM9ao3F//zeqkZ3vgZl0lqULLlomEqiInJ/HcScoXMiKkllClubyVsTBVlxiZUtCF4qy+vk3a14tUr9YdquVHL4yjAOVzAFXhwDQ24gya0gMEEnuEV3pzEeXHenY9l64aTz5zBHzifP5Xejws=</latexit>

Order 4

Mamba needs 
convolution to 

learn the optimal 
predictor

Convolution 
window must be 
larger than the 
Markov order: 

￼w ≥ k + 1

<latexit sha1_base64="mikY+u2wfpZfw1H/5KPeOK4f8jo="></latexit>

Model # Params. (M) Perplexity (#)
Mamba-2 (w/o conv) 14.53 30.68
Mamba-2 (w/conv) 14.54 27.55

Transformer (w/o conv) 14.46 29.28
Transformer (w/ conv) 14.46 28.67

Benefit of convolution goes beyond Markov data!

• Natural language: WikiText-103

Theorem 1 (Representation power of Mamba)

One-layer Mamba can learn the optimal Laplacian 
smoothing predictor for first-order Markov chains, 
provided that: 

• State and hidden dimensions are at least 2: ￼  

• Convolution window is at least 2: ￼

N, d ≥ 2
w ≥ 2

Theorem 2 (Lower bound on the state dimension)

One-layer Mamba cannot learn the optimal Laplacian 
smoothing predictor for any ￼ -th order Markov chains, 
unless the state dimension is larger than ￼ :

k
2k

N ≥ C ⋅ 2k

Key insights: 

• Selectivity retains all the past: ￼  

• Convolution encodes transitions ￼  

• Hidden state ￼  stores counts of past transitions

at ≈ 1
xi−1

i−k → xi

Ht

It counts past transitions ￼  and 
computes smoothed frequencies

xi−1
i−k → xi

Find the full paper on arXiv:


