
Discrete diffusion 
- Transition probability is defined through the transition 

matrix        and 
- Adding noise corresponds to sample from a categorical 

distribution 
- Posterior distribution:
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Figure 1: Overview of DiGress. The noise model is defined by Markov transition matrices Qt whose
cumulative product is Q̄t. The denoising network �✓ learns to predict the clean graph from G

t.
During inference, the predicted distribution is combined with q(Gt�1|G,G

t) in order to compute
p✓(Gt�1|Gt) and sample a discrete G

t�1 from this product of categorical distributions.

The above framework satisfies all three properties in a setting that is inherently discrete. However,
while it has been applied successfully to several data modalities, graphs have unique challenges that
need to be considered: they have varying sizes, permutation equivariance properties, and to this date
no known tractable universal approximator. In the next sections, we therefore propose a new discrete
diffusion model that addresses the specific challenges of graph generation.

3 DISCRETE DENOISING DIFFUSION FOR GRAPH GENERATION (DIGRESS)

In this section, we present the Discrete Graph Denoising Diffusion model (DiGress) for graph gen-
eration. Our model handles graphs with categorical node and edge attributes, represented by the
spaces X and E , respectively, with cardinalities a and b. We use xi to denote the attribute of node i

and xi 2 Ra to denote its one-hot encoding. These encodings are organised in a matrix X 2 Rn⇥a

where n is the number of nodes. Similarly, a tensor E 2 Rn⇥n⇥b groups the one-hot encoding eij
of each edge, treating the absence of edge as a particular edge type. We use A0 to denote the matrix
transpose of A, while AT is the value of A at time T .

3.1 DIFFUSION PROCESS AND INVERSE DENOISING ITERATIONS

Similarly to diffusion models for images, which apply noise independently on each pixel, we diffuse
separately on each node and edge feature. As a result, the state-space that we consider is not that of
graphs (which would be too large to build a transition matrix), but only the node types X and edge
types E . For any node (resp. edge), the transition probabilities are defined by the matrices [Qt

X ]ij =
q(xt = j|xt�1 = i) and [Qt

E ]ij = q(et = j|et�1 = i). Adding noise to form G
t = (Xt

,Et)
simply means sampling each node and edge type from a categorical distribution defined by:

q(Gt|Gt�1) = (Xt�1Qt
X ,Et�1Qt

E) and q(Gt|G) = (XQ̄t
X ,EQ̄t

E) (2)

for Q̄t
X = Q1

X ...Qt
X and Q̄t

E = Q1
E ...Q

t
E . When considering undirected graphs, we apply noise

only to the upper-triangular part of E and then symmetrize the matrix.

The second component of the DiGress model is the denoising neural network �✓ parametrized by ✓.
It takes a noisy graph G

t = (Xt
,Et) as input and aims to predict the clean graph G, as illustrated

in Figure 1. To train �✓, we optimize the cross-entropy loss l between the predicted probabilities
p̂
G = (p̂X , p̂

E) for each node and edge and the true graph G:

l(p̂G, G) =
X

1in

cross-entropy(xi, p̂
X
i ) + �

X

1i,jn

cross-entropy(eij , p̂
E
ij) (3)

where � 2 R+ controls the relative importance of nodes and edges. It is noteworthy that, unlike
architectures like VAEs which solve complex distribution learning problems that sometimes requires
graph matching, our diffusion model simply solves classification tasks on each node and edge.

Once the network is trained, it can be used to sample new graphs. To do so, we need to estimate the
reverse diffusion iterations p✓(Gt�1|Gt) using the network prediction p̂

G. We model this distribu-

3

Approach

Results
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Figure 2: Reverse diffusion chains generated from a model trained on uniform transition noise (top)
and marginal noise (bottom). When noisy graphs have the right marginals of node and edge types,
they are closer to realistic graphs, which makes training easier.

4 IMPROVING DIGRESS WITH MARGINAL PROBABILITIES AND STRUCTURAL
FEATURES

4.1 CHOICE OF THE NOISE MODEL

The choice of the Markov transition matrices (Qt)tT defining the graph edit probabilities is arbi-
trary, and it is a priori not clear what noise model will lead to the best performance. A common
model is a uniform transition over the classes Qt = ↵

tI + (1� ↵
t)(1d10

d)/d, which leads to limit
distributions qX and qE that are uniform over categories. Graphs are however usually sparse, mean-
ing that the marginal distribution of edge types is far from uniform. Starting from uniform noise, we
observe in Figure 2 that it takes many diffusion steps for the model to produce a sparse graph. To
improve upon uniform transitions, we propose the following hypothesis: using a prior distribution

which is close to the true data distribution makes training easier.

This prior distribution cannot be chosen arbitrarily, as it needs to be permutation invariant to satisfy
exchangeability (Lemma 3.3). A natural model for this distribution is therefore a product

Q
i u ⇥Q

i,j v of a single distribution u for all nodes and a single distribution v for all edges. We propose
the following result (proved in Appendix D) to guide the choice of u and v:
Theorem 4.1. (Optimal prior distribution)

Consider the class C = {
Q

i u⇥
Q

i,j v, (u, v) 2 P(X )⇥ P (E)} of distributions over graphs that

factorize as the product of a single distribution u over X for the nodes and a single distribution v

over E for the edges. Let P be an arbitrary distribution over graphs (seen as a tensor of order n+n
2
)

and mX ,mE its marginal distributions of node and edge types. Then ⇡
G =

Q
i mX ⇥

Q
i,j mE is

the orthogonal projection of P on C:

⇡
G 2 argmin

(u,v)2C
|| P �

Y

1in

u⇥
Y

1i,jn

v||22

This result means that to get a prior distribution qX ⇥ qE close to the true data distribution, we
should define transition matrices such that 8i, limT!1 Q̄T

X1i = mX (and similarly for edges). To
achieve this property, we propose to use

Qt
X = ↵

tI + �
t 1am

0
X and Qt

E = ↵
tI + �

t 1bm
0
E (6)

With this model, the probability of jumping from a state i to a state j is proportional to the
marginal probability of category j in the training set. Since (1m0)2 = 1m0, we still have
Q̄t = ↵̄

tI + �̄
t1m0 for ↵̄t =

Qt
⌧=1 ↵

⌧ and �̄
t = 1 � ↵̄

t. We follow the popular cosine sched-
ule ↵̄

t = cos (0.5⇡(t/T + s)/(1 + s))2 with a small s. Experimentally, these marginal transitions
improves over uniform transitions (Appendix F).

4.2 STRUCTURAL FEATURES AUGMENTATION

Generative models for graphs inherit the limitations of graph neural networks, and in particular their
limited representation power (Xu et al., 2019; Morris et al., 2019). One example of this limitation
is the difficulty for standard message passing networks (MPNNs) to detect simple substructures

5

Generated graphs with DiGress

Motivation
Build a discrete diffusion model to leverage the 
inherent discrete nature of graph structures.

Denoising process 
- Sample the number of nodes train distribution 
- Iterate over  diffusion steps to predict a clean graphT

Denoising chain with uniform (top) /marginal (bottom) noise

Discrete diffusion for graphs - DiGress 
- Attributed graph with  and  node/edge classes: 

- Add graph noise:  
- Equivariant model: equivariant architecture + invariant loss 

- Add extra features to overcome GNN expressive limit 
- Promote sparsity with marginal noise model 

a b
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G = (X 2 Rn⇥a, E 2 Rn⇥n⇥(b+1))
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q(Gt|Gt�1) = (Xt�1Qt
X ,Et�1Qt

E)
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l(p̂G, G) =
X

1in

CE(xi, p̂
X
i ) + �

X

1i,jn

CE(eij , p̂
E
ij)

SparseDiff uses off-the-shell edge list representation 

Its efficient training consists of 2 components: 
- Noise model that preserves the sparsity of noisy graphs 
- Sparse denoising network trained on a random subset of 

node pairs 

Large graph generation - SparseDiff [2]

Motivation
Overcome high space complexity caused by edge 
encodings and enable large graph generation.

Sparse noise Cross-entropy

G

Gt Ĝq = (X̂, ̂Yq, Eq)

Gq

Query edges Eq

Predicted distribution

True labels

1. Efficient noise model 2. Sparse denoising network 3. Iterative inference

E1
q

E2
q

E3
q
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G = (E 2 N2⇥m,X 2 {0, 1}n⇥a,Y 2 {0, 1}m⇥b)

Constrained graph generation - ConStruct [3]

Motivation
Hard-constrain graph discrete diffusion models 
using graph structural properties.

ConStruct preserves the forward and reverse process in the 
constrained domain: 
- Forward - not learnable, so designed to preserve edge-

deletion invariant properties 

- Reverse - edge insertion process due to forward, but 
requires projector to refuse constraint violating edges 

- Improved 80% in validity in digital pathology setting
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PROJECTOR
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Projector(Ĝt�1, Gt)

- Nodes: directly accept the candidate  

- Edges: iteratively and randomly add candidate edges that preserve property 

Efficiency of Projector 
- Only affects sampling (sweet spot in computational burden vs integration into diffusion model) 

- Blocking edge hash table: only perform edge check once -  

- Reverse is edge addition process - can leverage incremental/dynamic property checkers  

- e.g. planarity:             →                       
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