e ]

~ N(0,1q) wE ~ N(0,1y)

Learning from data

{(Xla?ﬂ)v"' 7<X’myn>} |:> W~ @

withm hidden
units

High-dimensional limit Optimal generalization error

d — c0; m = O(d) Egon. = Ew (x} g({rgig}) Er . [((Xeost) — fwv+ (Xtest) )]

» The scaling m = ©(d) is an interesting one to study wide networks:

Scaling m = O(1): multi-index phase retrieval [5]
Scalingm > d : linear regression reaches the optimal error

« With n = O(d) samples, no information on w*can be retrieved [1]

- But there are ©(d*)weights to learn
Information theory hints at the scaling n = ©(d*)

Optimal generalization error

d — oo m = kd n = ad?
m 2 n
! L wi\T I — 9ral — A2 + A
{yz = - kzzjl [ﬁ(wk) - X + \/sz] }1=>[di>r£lo ggen. Ko ( + )
¢ solves the self-consistent equation
A2+ A)  4An*( 5
(1 2@) + o =3 dy ’
= o . /2
» Easy-to-evaluate formula for the o
Optimal generalization error \/ l .
[ ﬁ%ﬂlcwcle
Marchenko-Pastur 2(

Open guestions

*» Analyze other activations (beyond quadratic)
Related to extensive rank tensor denoising

«» Account for the structure of the data

Bayes-optimal learning of an extensive-width
neural network from quadratically many samples

Sketch of the analysis

c A planted linear matrix model

y = % i [%(WZ)T : X] 2 = ;X‘T/S*X = Tr[S§<I>]
1

k=1
1 m
o ol
S = =Y wWi(Wi)T ~ Wina « TT X
m N .
= Wishart prior

Can be generalized to noisy pre-activations

Wz - X — WZ X‘i—\/ka :> Y Pout (’Tl“[s*q)])

Universality of optimal generalization error [3]

~

min Egen (W) = min ||S — 8*||% min Egen. (S) = min ||S — 8*||%

from {y; ~ Pout (- Tr[S"®s]) iy from {7i ~ Pous (-|Tr[S™Gi]) }is

Gaussian matrix
Just a (generalized) linear model onS*

Mapping to GLM: scalar estimation part
ﬂ&tt(Gl)
> Gaussian data G := == > Wishart prior S* ~ W, 4

flatt(G,,)

Lyo [Formula for & Scalar estimation problem involving P,
gen.

It invol
(generalization of [4])] ILAOUIAEES

Matrix denoising on the Wishart prior

9 Mapping to GLM: matrix denoising part

Denoising Y — VAS* + 7 g @
problem \ 5 ©

Gaussian (GOE) matrix
Q The optimal estimator is spectral [3]: Y = ODOT E:> S(Y) = O fopt.(D)OT

0 Analytical expressions for fop:. and the asymptotic MMSE lim. IS(Y) — S*|I%

Optimal algorithm: GAMP-RIE

. [ ) Ts ;
A provably optimal for GAMP Wi = X@dx — Gou(ys, o™, VDV
large d, easy-to-implement 1 At—mi o
polynomial-time algorithm ~ RIE =2 Gous (Yi, Wi, V)

. 1 -
Rt =S + m Zgout(yiawfv Vt)(XiX;‘r - 1)
=1

. 1 1
141 ¢ t4+1
S = fr (R,2 ]t) VT =2 e (2 ]t)

model w. Gaussian data |:> Generalized Approximate

Generalized linear A r
with non-separable prior | Message Passing (GAMP) [2]]

. J

Antoine Maillard!, Emanuele Troiani?, Simon

Martins, Florent Krzakala?, Lenka Zdeborova?
[1] ETH Zirich [2] EPFL: [3] ENS Paris

cpeL ik
ETHziirich

Generalization error curves

Noiseless setting : A =0

Perfect recovery threshold 1.0 — = 0.05
k=0.1
. /{/2 ]- 0.8 Kk =0.2
apr(k) =min (kK — —, = k=03
2 2 k=0.5
Il k=1.0
ggeﬂ. k=50
0.4
Matches a naive “counting argument” sy
DOF[{S : S = ST and rk(S) < rd}] ~ apgr(x)d? " |
. U'B.U 0.1 0.2 0.3 0.4 0.0 0.0
No computational to 5
“I‘ "y o= "/d
statistical gap
1O -== k=0 . g . .
. — 0.01 Slgnlf_lcantly lower generallzatlon error
0.8] = 0.05 than linear regression (= — o0):
k=0.1 LR
o 06| k= 0.2 ggen. — 1 — 2«
gen. k= 0.5
0.4 to= 10
k= 5.0 Smooth transition from hidden layer
7] size m = O(1)to m = O(d) [5]
0.0 72 =
a/k =n/dm

Gradient descent performance

Noiseless setting : A =0

(vi — fW(Xi)>2 ,where fw(x) = %Z [L(Wk)T .X]

L(W) = N

S|

1=1 k=1

mn

—m — 1
> Fork>1 (m > d), the problemis K="= 12

1.0 o === Theory
convex over S := (1/m)> )" wpw] e A ¢ AGD (d = 200)
> Fork < 1, non-convex problem. Still, 0.8 7 S t AGD (d=100)
& ¥ AMP (d = 100)
.. . l'
naive GD reaches optimal error ! 0.6 - ' i t AMP (d = 200)
ggen. \ i
0.4 1
‘g For any Kk, (averaged) GD seems W,
to reach the optimal MMSE 0.2 - e,
0.0 . . gy
0.0 0.1 0.2 0.3 0.4

Sample complexity o = n/d?
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