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Community Detection

• Networks are commonly used to rep-resent datasets of pairwise interactions(e.g, human interactions [1], biologicalnetworks, transportation networks).
• Most datasets have community structure

→ Community Detection.
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Hierarchical Community DetectionCommunity structure is often hierarchical.
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Several Methods for Hierarchical Community Detection

Bottom-up [2]:- first identify the primitive communities b = {b1, b2, · · · , bK } and then repeatedlymerge the communities using a linkage method;- recall of the super communities is dependent on the accuracy of recovering b.
Others: Recursive bipartioning [3], Bayesian [4], Louvain [5] , etc.

Background & Motivation

Definition (Hierarcchical Tree) A rooted tree T is a hierarchical tree for the primitivecommunities b = {b1, · · · , bK } w.r.t. a similarity function s() if any vertex t on T satisfies
min

bi,bj∈LT [t],bk /∈LT [t] s(bi, bj) − s(bi, bk ) > 0, (1)
where LT [t] are the leaves of the subtree T [t] of T rooted at t.

Among all the hierarchical trees, we focus on the one with the largest number of vertices
= maximum-vertices hierarchical tree

Motivation
• i, j, k , s.t. dlcaT (bi, bj) > dlcaT (bi, bk ) should indicate s(bi, bj) > s(bi, bk ),where dlcaT (bi, bj) is tree distance from the root to the least common ancestor of bi bj .
• If primitive communities bi and bj belong to a super community, bi is more similar w.r.t. s()to bj than to any primitive community bk which does not belong to the super-community.
• Maximum-vertices hierarchical tree is the most informative.
• A star graph, i.e., a tree where all leaves are directly connected to the root, alwayssatisfies the condition → this can be regarded as flat communities.
Theorem (Uniqueness) The maximum-vertices hierarchical tree for a graph G with prim-itive communities b w.r.t. a similarity function s() is unique.

Proposed Definition of the Hierarchical Tree
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Algorithm 1
Input: Primitive communities b = {b1, b2, · · · , bK }, similarity matrix S, where Sbibj =

s(bi, bj).
Output: Hierarchical tree T .
Process:1. Apply linkage algorithm to the similarity matrix S and obtain a binary tree Tbin.2. Initialize T as T = Tbin.3. For all vertex t ∈ Tbin (starting from the bottom of the tree), merge t to parent vertexof t as done by the following steps, iff t does not satisfies the condition (1);

• connect links between the parent vertex of t and the children vertices of t:
• then delete t from T .

Return: T

Theorem (Recovering the Hierarchy) Algorithm 1 recovers the maximum-vertices hier-archical tree.

Recovering the Hierarchical Trees

Definition (Approximately Hierarchical Tree) A rooted tree T is approximately hierar-
chical tree for the primitive communities b = {b1, · · · , bK } w.r.t. a similarity function s()if any vertex t on T satisfies∑

{bi,bj,bk}∈L2
T [t]×(LT [parent of t]\LT [t]) 1{ŝ(bi,bj)−ŝ(bi,bk)>ε}∣∣∣{bi, bj , bk} ∈ L2

T [t] ×
(

LT [parent of t]\LT [t])∣∣∣ ≥ 1 − δ. (2)
Motivation
• In reality, you normally only have access to noisy observation ŝ.
• Want to avoid finding spurious levels → introduce ε.
• Want to have some buffer to be resistant to some noise or outlier → introduce δ .

Finding the approximately hierarchical trees is done by using Algorithm 1, but instead
of using condition (1), use condtition (2).

Finding Hierarchy in Practice
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Numerical Results

1. Introduced a natural and concrete definition of the hierarchical trees;
• uniqueness of maximum-vertices hierarchical tree:
• differentiating flat communities as star graph trees.2. Proposed an algorithm to discover the maximum-vertices hierarchical trees and estab-lished a guarantee of it.
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